ABSTRACT
LiD and a highly-supercritical fission fuel. The last is considered an extreme case for
testing the time-dependent neutron transport solution presented here.
Introduction
In many ICF (inertial confinement fusion) simulations, neutron transport and its energy deposited in the target pellet are disregarded because generally the neutron mean free path is much greater than or of the order of the dimension of the pellet; in these cases neutrons are assumed to escape freely from the pellet. However, in other cases this is not true and the transport of neutrons and the influence of deposition of their energies on the dynamic behavior of the pellet have to be taken into account. Many use simplified models, [1] [2] [3] [4] while others couple the radiation-hydrodynamic equations to a consecrated timedependent transport code, as the TIMEX code, [5] [6] [7] or even use a more rigorous model taking into account all additional terms that appear in neutron transport equation when this transport is performed in a moving system. 8 It is very difficult to testify the consistency of these solutions and schemes in all cases because we have no numerical details about them and the authors do not provide exhaustive tests employing them (at least as far as I know).
One of the most difficult problems in time-dependent neutron transport solution concerns the generation of negative flux due to a great opacity provided by an additional term summed to total neutron cross section that arises when the transport equation is discretized in time, as we will see ahead.
The numerical solution developed here employs the well known characteristic method to overcome this problem. This solution has proved to be practically free of the negative flux problem. (If some negative angular fluxes arise, usually they are very small and do not increase with the progress of the numerical solution.)
Here we followed the scheme developed by Carlson. 9 (A similar scheme is presented in the Clark-Hansen book 
where ) t , , E , r ( N  is the angular neutron density.
When the volume element is fixed, i.e., the medium is static (as in nuclear reactors), the time derivative can be displaced into the integral. But for a moving medium (as the fissile mass in a nuclear explosion, for example) this displacement can not be made.
However, in lagrangian coordinates, where the mass points move with the material, the mass element m inside the volume V does not vary, only the density varies. Thus, the time derivative can be put into the integral by replacing dV by dm/, and then we have:
Note that this procedure creates an additional term in the transport equation, given byNln/t. Numerically, to maintain neutron conservation, this term makes a correction in the angular neutron flux (there is, in the angular neutron density) in the meshes, when these meshes move (contracting or expanding) due to hydrodynamic calculations. 
In one-dimensional spherical symmetry and admitting only isotropic scattering (with correction given by using the transport cross sections), the Eq.(3) is reduced to:
where the source term is given by:
The terms have their usual interpretation ( is the cosine of angle between radius r and neutron direction). Note that the additional hydrodynamic term was grouped with transport cross section. When the system is fixed, /t =0 and we have the usual transport equation.
The external neutron source, Q(r,E,,t), is considered to be a fusion source: It is important to highlight that other corrections to be made in neutron transport in a moving system 12, 13, 8 (for example, neutron kinetic energy increases if it is emitted in direction of the motion and vice-versa) are considered to have a minor influence in comparison to the correction term presented here. This means that in our cases here we consider that the neutron velocities are much greater than hydrodynamic velocities of the medium at all time of interest.
A commonly used time discretization of the transport equation
Consider the Eq.(3) written in the following compact form (disregarding the additional term):
where S represents the right-hand-side source term of Eq.(3).
The time derivative is discretized by the simple formula:
Replacing into Eq. (7) and admitting all the other terms in the advanced time n+1, we have:
This equation is exactly equal to the static transport equation since we define the new terms:
The expression (9) defines a new total (or transport) cross section with the addition of the term 1/vt. In (10) the neutron source (due to scattering, fission and fusion) is added by a term that depends on the angular neutron flux calculated in the previous time-step (and hence already known).
This implicit scheme in time can be solved by iterative method. TIMEX, 7 for example (one of the most known transport codes) uses similar discretization to solve numerically the time-dependent neutron transport equation.
The negative flux problem
As we mentioned before, the problem is that when the time absorption term 1/vt (we call it so) is much greater than  t the system becomes very opaque and, in some numerical scheme, this can generate very negative angular neutron flux in spatial meshes.
For example, in diamond scheme, to close the equations, the angular neutron flux is linearly extrapolated in the meshes by the expression (in outward direction -see Fig.1 ):
 i+1/2 will be negative when  i-1/2 >2 i . Although there are recipes to circumvent this problem (negative flux fixup) 14, 15  for example, zeroing these fluxes and maintaining the neutrons conservation, or using the step or a weight numeric schemes  the process used, if repeated many times, can degrade completely the stability of the numerical solution (the absolute values of negative fluxes increase without limit).
The characteristic method
The characteristic method has been known as one of the best numerical methods to overcome the negative flux problem.
In what follows, we will present the numerical solution of the time-dependent neutron transport equation (4) by the characteristic method using the Carlson scheme. 9 (In the angular variable we will also use an old S N method developed by Carlson, 16 but this has no significance to the problem.)
In the original S N method, where trapezoidal quadrature is used, the angular variable  ( varies from -1 to 1) is discretized into J (=N) number of interval directions given by:
The neutron angular flux is given by:
Considering that the external source does not depend on the angular variable (for example, fusion neutrons are emitted isotropically), S in Eq.(5) does not depend on  (this dependence could be easily taken into account). Replacing (11) into (4) and integrating in  from  j-1 to  j , we have (in multigroup notation):
where:  g,j (r,t) =  g (r, j ,t);
j0, c k = 2; j=0, c k =1, a 0 =-1, b 0 =0 and  g,-1 (r,t) = 0.
The solution of Eq. (12) 
The boundary conditions at the centre and at the external surface (vacuum condition) are given by:
The final numeric solution presented below (in notation used here) was obtained by following the same (and laborious) scheme developed by Carlson 9 (in these ancient times, a horrible notation was used). Similar scheme is presented in the Clark-Hansen book.
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Case a)
, integration from the centre to the external surface): In lagrangian coordinates the meshes move with the material.)
where:
For   0 (j=1,2,...J/2+1, integration from the surface to the centre), we exchange, in the fluxes s above, the index i by i-1 and vice-versa; for j=1 ( 1 =-1, direction along the radius r toward the centre), B i =0 and all the s with index j-1 are nulls.
Caso b)
For   0, we exchange, in the same way in the s, the index i by i-1 and vice-versa.
The source term S is given by: ,
( If this additional term is treated explicitly, we may simply multiply the angular neutron fluxes by relative volume variation at the beginning of each time-step to maintain neutron conservation.
where the neutron flux  is calculated by the trapezoidal integration in angle:
For the fusion source we have:
. (17) The neutron current is given in the same way by a trapezoidal integration:
. (18) In sequence of computational loop, the solution above develops at each time t n (n=1,2,...N), for each energy group E g (g=1,2,...G), for each angular direction  j (j=1,2,...
J+1) and in the space intervals from i=I
,I-1,...1 (when  j  0) or i=1,2,...I (when  j > 0).
The energy deposited by neutrons (via downscattering) per unit volume in mesh i
and time-step n+1 is given by:
where g E = 2 g mv /2 is the mean energy of group g.
An iterative procedure is used to solve the equations. In the solution for the timestep n+1, the implicit source terms,
, are initially defined as a function of their values in the previous time-step n (
. This source terms are then recalculated using the news values of the obtained neutron fluxes and so on, the process is repeated, until the values of the fluxes converge to a pre-assigned tolerance. Noted that, as can be seen in Eq.(15), the fluxes calculated for the groups g<g (E g >E g ) are immediately incorporated into the solution for the group g in the same iteration, thereby accelerating the convergence (two iterations have been enough for the majority of the cases tested by the author).
To assure the consistence and stability of the method and to detect any breakdown of the numerical solution it is necessary to check continuously the conservation of neutrons in the system (this is analog to checking the conservation of energy in hydrodynamic solutions). In neutron balance, the number of neutrons produced (in our case, by fission,
fusion and (n,2n) reactions) has to be equal to the number of neutrons present in the system plus the number of neutrons that were absorbed and leaked out, at each time.
A correction in neutron fluxes due to downscattering to energies lower than the temperature (in keV) of the medium.
Due to extreme temperature variations during microexplosions in ICF targets (from a few tens of eV to several tens or hundreds of keV), neutrons can not be scattered to energies lower than the mean energy of the plasma particles in a given time during the fission and/or fusion reactions growth. Thus, depending on the group structure used in the solution of the multigroup neutron transport equation, this can occur. To overcome this problem, without explicitly including the very complex upscattering process, we apply the following procedure. Whenever there are neutron populations (due to scattering) in energy groups whose upper energy boundaries are lower than the temperature (in keV) of the medium, these neutron populations are automatically transferred to energy group in whose limits the temperature of the medium is located (see Fig. 4 for visualization of the process, in terms of angular fluxes). Neutrons are conserved in this process.
Two cases considered: micro-targets involving fission-fusion processes
In this work we consider two cases involving symbiotic systems composed by fission-fusion targets to test the numerical solution of the time-dependent neutron transport equation presented here. Considerations about the feasibility of the initial conditions of Figure 4 : Neutrons transfer from groups whose upper energy boundaries are lower than the temperature (in keV) of the medium to the group whose upper energy boundary is immediately greater than kT, emulating, in some way, the upscattering.
these targets were not performed and have no importance, because our main objective is to test the performance of this solution. Nevertheless, very interesting results were obtained concerning fission-fusion targets performance.
A symbiotic system involving fission-fusion reactions can be realized in two ways:
A fusion explosion enhanced by fission reactions in a fissile material incorporated into the thermonuclear target; or a fission explosion of a supercritical fissile material enhanced by fusion reactions in an embodied thermonuclear fuel ignited by this previous fission explosion. In both cases (considered here) the full solution of the time-dependent neutron transport equation is required for simulating the target performance.
A thermonuclear fuel target tamped by a fissile material
In the first case, we considered the target shown in Figure 5 . The heterogeneous DT fuels and the initial conditions are the same as those considered in ref. [4] . The added tamper is composed by a layer of 93% enriched uranium or plutonium with varying dimensions.
The admitted composition of (reactor grade) plutonium was: Pu The calculations were performed by a neutronic-radiation-hydrodynamic code developed by the author, 17 and to which was incorporated, as an option, the numerical solution of the neutron transport equation (4) using the characteristic method presented
here. This code solves the time-dependent neutron transport equation coupled in time to radiation-hydrodynamics and to fission and fusion burnup equations.
There is no space to present in details the models used in this code for the calculations (some are explained in my book 18 ), but some are enumerated below: and 1 keV) the average degree of ionization is Z e =46. In these circumstances, the free electron numeric density is n e = 2.33x10 26 /cm 3 and the degeneracy temperature is T F =1.38 keV (near to the assumed initial temperature). Ionization energy is also taken into account from the Thomas-Fermi model. 24, 18 Due to much higher temperatures with the evolution of the system, the ideal gas model was used both in DT and uranium or plutonium plasmas (ionization energy included in the last two). were considered enough to represent the neutron spectra in all cases treated here (see the group structure in Fig.13 ), but the existence of neutron fluxes in all these groups will depend, as explained in item 6 above, on the local temperature; 16 angular directions were considered and spatial discretization was the following: 30 points in the DT ignition region, 100 in the principal DT fuel and 30 in the fissile tamper (refining did not alter the results significantly).
4. Although the code solves the hydrodynamic equations in one-temperature model, a artifice (suggested by Thair 27 ) was used to simulating differences in the (*) As we do not have T, He 4 and He 3 cross sections, they are taken equal to those of deuterium. The impact of this on the results was estimated to be very low, partly because, like for deuterium, their absorption cross sections are practically nulls in all energy range of interest ((n,p) He 3 are high). 26 temperatures of matter and radiation, mainly when part of the system becomes transparent to radiation. In this case, the energy of the blackbody radiation in a given mesh, Table 1 show the results of the microexplosion for several thicknesses of the enriched uranium and plutonium tampers. In Table 1 we also show the percentage contribution of each region to the energy liberated in the case of uranium tamper, as well as the thermal radiation energy that leaked out from the target and the energy deposited by neutrons (all the results for the plutonium are similar to those of enriched uranium). Note that extrapolating the energy to zero thickness we obtain an energy of  120 MJ, near the energies presented in ref. [4] for this target pellet for many options admitted in the MEDUSA-IB 28 code used in these calculations.
As can be seen, these results show a significant increase in microexplosion energy with the addition of a uranium or plutonium tamper. Besides the benefits of using a heavy element as a tamper in the DT targets (well explained by Fraley et al. 29 ), there is a much Microsphere initial conditions: DT1: R=0.0025 cm; =200 g/cm 3 ;T=10 keV DT2: R=0.0083 cm; =440 g/cm 3 ;T=280 eV U235(93%) or Pu: =2000 g/cm 3 ;T=1 keV more and obvious advantage in using fissile elements in this tamper, because fission contribution is very significant to the total energy yielded. Fusion is also enhanced by neutrons produced by the fission reactions (and vice-versa) and by the hydrodynamics consequences of the fission explosion in the tamper (that does not react only passively as a non fissile material does). Figure 7 shows the time evolution of the total energy produced by the microexplosion, the portion due to fusion, the radiation leaked out from the system and the energy deposited by neutrons for uranium thickness of 0.005 cm. Note that the leakage of thermal radiation increases with the uranium thickness (Fig.8) , because uranium emits as blackbody radiation and more radiation is emitted as more mass of uranium exist. In Figure 9 we have the temperature distributions at four successive times. These distributions reflect the progress of a thermonuclear wave from the ignition region to the main thermonuclear fuel.
The progress of the DT burnup and the final burnup of the DT and enriched uranium are shown in Figures 10 and 11 , respectively. The higher burnup of the internal region of the principal DT fuel in the two middle curves of Figure 10 is due to higher density of this fuel, that also undergo a much great influence of the tamper region. Note that the first DT region is slightly re-imploded by the energy produced in the main fuel. Extrapolating the curve to zero thickness, we obtain a value near to that calculated in ref. [4] . . The influence of the uranium enrichment on the energy produced by the fusionfission microexplosion is seen in The behavior of the time-dependent neutron transport solution was very good in all stage of the calculations, as was proved by the neutron balance executed by the code in all time-steps. The error in neutron balance (Fig.14) remains lower than 2% during most of the calculations.
Below, we present the final inventory of the isotopes in all regions and a typical balance of neutrons performed by our code (at time t=11.2x10 -11 s and for R U =0.005 cm).
The mixtures 5, 6 and 7 correspond, respectively, to the uranium region (we disregarded the U 236 production), to the DT ignition region and to the main DT fuel of the target pellet. 1.E-06
1.E-05
1.E-04
1.E-03
1.E-02
1.E-01 1.E+00 This much more complex system resembles the process of a thermonuclear explosion in the secondary module of a modern thermonuclear bomb. 18 As in the previous case, we do not discuss here the feasibility of the initial conditions for this target pellet, which are completely arbitrary (the plutonium and beryllium densities were the same as adopted in ref. [30] ). Our main interest is, as before, to test the consistence and stability of the neutronic solution. We do not discuss also in details the performance of the target. The final burnup of the deuterium (in the ignition region and in the main thermonuclear fuel) and the plutonium is plotted in Figure 20 .
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Group
The errors in neutron balance are presented in Figure 21 . They fell below 1% during most of the calculations. Table 3 shows that the same results were obtained for two different angular discretizations of neutron flux and that close results were also obtained by not considering "upscattering" (item 6) for 10 groups (E>0.1 keV, see of the yielded energy escaped as thermal radiation, 18.2% is carried as internal energy and 62.5% as kinetic energy (10% of the fission energy was considered not deposited in the pellet and part of energy was carried by neutrons that leaked out). The uranium external radius reaches a velocity of 8600 km/s. 
Conclusion
We presented a numeric solution of the time-dependent neutron transport equation using the characteristic method, with the main objective of overcoming the negative flux problem that arises in some numeric scheme when the system is very opaque. In time dependent numerical solution this certainly occurs when the 1v g t term (that appears in the most common time discretization of multigroup transport equation) is much greater than total cross sections. This is worse when there is a combination of lower neutron velocities with very small time-steps, the latter usually imposed from outside.
The solution was proved in two applications involving symbiotic fission-fusion microsystems, when it is mandatory a full solution of the time-dependent neutron transport equation coupled to radiation-hydrodynamic and fission-fusion burnup equations.
The code used in simulations also allows a solution of the time-dependent neutron transport equation using linear interpolation of the fluxes in the spatial meshes (as in diamond scheme). In the first application case, this solution produced good and similar results, but in the second more complex case it failed completely, generating very negative fluxes and increasingly divergent neutron balances. Table 3 : Energy produced by the microexplosion for different angular discretizations of neutron flux and, in the last two cases, by not considering "upscattering" in neutronic calculations.
